We discuss the (dual-)gauge transformations for the gauge-fixed Lagrangian density and establish their intimate connection with the translation subgroup T (2) of the Wigner's little group for the free one-form Abelian gauge theory in four (3 + 1)-dimensions (4D) of spacetime. This connection is further elaborated and demonstrated in the framework of Becchi-Rouet-Stora-Tyutin (BRST) cohomology defined in the quantum Hilbert space of states where the Hodge decomposition theorem (HDT) plays a very decisive role.
Introduction
In the classification scheme of the elementary particles, the Wigner's little group [1] plays a very important and decisive role [2] . It was first Weinberg [2] [3] [4] and later Han etal [5] [6] [7] who demonstrated a very interesting connection between the transformations generated by the Abelian invariant translation subgroup T (2) of the Wigner's little group and the U(1) gauge transformation for the one-form (A = dx µ A µ ) Abelian gauge field A µ of the Maxwell theory in four (3 + 1)-dimensions of spacetime. It is a common folklore that the latter symmetry transformations are generated by the first-class constraints (in the language of the Dirac's classification scheme [8, 9] ) of the Abelian gauge theory which forms the internal U(1) symmetry group of transformations. On the contrary, the former transformations are generated by the Wigner's little group that constitutes the spacetime symmetry group of transformations for a given (gauge) theory. In more precise words, the translation subgroup T (2) of the Wigner's little group keeps the momentum vector k µ of the massless (i.e. k 2 = 0) gauge particle invariant but changes the polarization vector e µ of the (oneform) gauge field in exactly the same manner as the U(1) gauge transformation generated by the first-class constraints of the gauge theory. Thus, the Abelian one-form gauge theory (ie free Maxwell theory) provides a fertile ground for the discussion of the internal symmetry and the spacetime symmetry together in a beautiful setting. Recently, in an interesting set of papers [10] [11] [12] [13] , the gauge transformations connected with topologically massive gauge theories [10, 11] , Kalb-Ramond 2-form gauge theory [10] , massive (2 + 1) dimensional Maxwell-Chern-Simons theory [12] , linearized gravity theories [13] , etc., have been shown to be connected with the translation subgroups of the Wigner's little group.
For some of the (non-)interacting gauge theories in two (1 + 1)-dimensions (2D) and 4D of spacetime, it has been found that there exists a discrete symmetry for the Lagrangian density of the theory which corresponds to the existence of a specific kind of "duality" in the theory. This duality entails upon the theory to possess (i) a local dual-gauge symmetry transformation for the Lagrangian density, and (ii) an analogue of the Hodge duality * operation of differential geometry. Such a class of (non-)interacting and duality invariant gauge field theories provide a set of tractable field theoretical models for the Hodge theory where the local, covariant and continuous symmetry transformations (and the corresponding generators) are identified with the de Rham cohomological operators of differential geometry. In this context, mention can be made of many interesting field theoretical models such as (i) the free 2D Abelian gauge theory [14] [15] [16] , (ii) the interacting 2D Abelian gauge theory where there is an interaction between U(1) gauge field and the Dirac fields [17, 18] , (iii) the self-interacting 2D non-Abelian gauge theory where there is no interaction between the gauge field and the matter fields [16, 19] , and (iv) the free Abelian 2-form gauge theory in 4D [20] . In a recent paper [21] , an interesting connection between the translation subgroup T (2) of the Wigner's little group and the BRST cohomology has been established for the free Abelian 2-form gauge theory in 4D. In fact, it is because of the study of the Wigner's little group that it has been possible to obtain the normal mode expansion for the basic fields of the theory [21] that appear for the consideration of the BRST formalism (particularly, BRST cohomology) in the Lagrangian framework.
The purpose of the present paper is establish a connection between the Wigner's little group and the gauge (see, e.g., [22] [23] [24] [25] ) and the dual-gauge symmetry transformation groups [26] that exist for the free one-form Abelian gauge theory in four dimensions of spacetime. In fact, the latter transformations are continuous, non-local and non-covariant whereas the former are continuous, local and covariant. We demonstrate that both (the local gauge and the nonlocal dual-gauge) symmetries owe their origin to the Wigner's little group as the latter encompasses both the symmetries in its folds in a subtle way. Furthermore, we show that the (dual-)gauge (or (co-)BRST) transformed physical states are found to be the sum of the original physical states and the BRST (co-)exact states. Thus, the increment in the physical state due to the (dual-)gauge (or (co-)BRST) transformations turns out to be a cohomologically trivial state. For this proof, we exploit (i) the HDT in the quantum Hilbert space of states (QHSS), and (ii) choose the physical state to be the harmonic state of the Hodge decomposed state in the QHSS. The choice of the harmonic state to be the physical state is guided by some aesthetic reasons because this state is the most symmetrical nontrivial state which is (anti-)BRST invariant as well as (anti-)co-BRST invariant simultaneously. One of the most crucial point of our whole discussion is the choice of the momentum vectors k µ = (ω, 0, 0, −ω)
T and k µ = (ω, 0, 0, ω) T for the massless (k 2 = 0) photon which enables us to get a simple expression for the non-local and noncovariant dual-gauge (or co-BRST) transformation in the momentum phase space. In fact, the ugly features of non-locality and non-covariance disappears for this choice. Furthermore, this choice of the reference frame allows us to get the same physical inferences from the conserved and nilpotent BRST and co-BRST charges when they apply on the physical harmonic state in the requirement of physicality criteria. This unique feature is not present in our earlier works [14] [15] [16] [17] [18] [19] where the BRST and co-BRST charges lead to different physical consequences when they are applied on a single photon state in 2D gauge theories. To be more precise, the BRST charge implies the transversality condition on the 2D photon but the co-BRST charge leads to the "dual" transversality condition between the momentum vector k µ and the polarization vector e µ . An exact generalization of these results has been obtained for the free 2-form Abelian gauge theory in 4D [20] .
The material of our present paper is organized as follows. In section 2, we briefly discuss the (dual-)gauge symmetry transformations for the gauge-fixed Lagrangian density of the free Abelian (one-form) gauge theory and show that the restriction on the (dual-)gauge parameters are similar. These transformations are upgraded to the nilpotent (co-)BRST transformations in section 3. The central of the present paper are sections 4 and 5 where we show the connection between the Wigner's little group and the (dual-)gauge transformations and comment on such relationship in the language of the BRST cohomology where the HDT in the QHSS plays a very decisive role. Finally, we make some concluding remarks in section 6 and point out a few future directions that can be pursued later.
(Dual-)gauge transformations
Let us start off with the gauge-fixed Lagrangian density L 0 for the four (3 + 1)-dimensional free Abelian gauge theory in the Feynman gauge † (see, eg, [22] [23] [24] [25] )
where
As is evident, this 2-form is derived by the application of the exterior derivative [27] [28] [29] [30] ). It is unequivocally clear that both the terms of the above Lagrangian density have deep connections with the key cohomological operators of the differential geometry. Their invariances, therefore, play a prominent role in our whole discussions about (dual-)gauge as well as (dual-)BRST transformations.
It is straightforward to check that the above Lagrangian density, under the following local U(1) gauge [22] [23] [24] [25] and dual-gauge transformations [26] 
remains invariant if the parameters of the transformations are restricted to obey 2α = 0, 2β = 0. It is worth pointing out that, under the infinitesimal version of of the above † We adopt here the conventions and notations in such a way that the flat 4D Minkowski spacetime metric η µν = diag (+1, −1, −1, −1) and the totally antisymmetric Levi-Civita tensor obeys ε µνκσ ε µνκσ = −4!, ε µνκσ ε µνκη = −3!δ (dual-)gauge transformations δ (d)g , the following changes occur
Some of the key and relevant points, at this stage, are as follows. First, it is the kinetic energy term (more precisely the 2-form curvature tensor F µν itself) and the gauge-fixing term (more precisely (∂ · A) itself) that remain invariant under the gauge and dual-gauge transformations. Second, exactly the same restrictions (ie 2α = 2β = 0) are imposed on the (dual-)gauge parameters for the invariance of the Lagrangian density. Finally, the latter transformations in (2.2) are christened as the dual-gauge transformations because (∂ · A) and F µν are 'Hodge-dual' to each-other from the point of view of their derivation using the operation of δ and d on one-form A.
Using the restriction 2β = 0 → ∂ 0 ∂ 0 β = ∇ 2 β as an input, it can be checked that the above dual-gauge transformations on the vector field A µ can be re-expressed as [31] 
β as is the case in (2.3) only when ∂ 0 ∂ 0 β = ∇ 2 β is used explicitly. It will be noted, however, that the above form of the dual-gauge transformationδ dg does not keep the gauge-fixing term invariant (i.e.δ dg (∂ · A) = 0). Thus, we shall not use both the forms of non-local dual-gauge transformations (cf. (2.3) and (2.4)) for our later discussions in sections 4 and 5. We shall focus on transformations in (2.3) only for its generalization to co-BRST symmetry transformations (as the gauge-fixing term remains invariant under it). There are more general discussions [31] on the non-covariance and non-locality of transformations (2.3) in the framework of BRST formalism. However, such generalized BRST-type symmetries turn out to be nilpotent only for a specific value of the parameter of the theory [31] .
(Co-)BRST symmetries
The gauge-fixed Lagrangian density (2.1) can be generalized to the BRST invariant Lagrangian density L b as (see, e.g., [22] [23] [24] [25] )
where the anticommuting (C 2 = C 2 = 0, CC +CC = 0) (anti-)ghost fields (C)C are required in the theory to maintain the unitarity and "quantum" gauge (i.e. BRST) invariance together at any arbitrary order of perturbative calculations (see, e.g., [32] ). The above Lagrangian density (3.1) respects the following on-shell (2C = 2C = 0) nilpotent
The salient features, at this juncture, are (i) the physical fields E i and B i remain invariant (s ( 
3)
The key and relevant points, at this stage, are (i) it is the gauge-fixing term that remains invariant (s 
in such a way as to cancel contributions coming from the transformation of the ghost term under s (a)d . It is obvious that a bosonic symmetry s w (with s 2 w = 0) can be obtained from the anticommutator of the nilpotent symmetries, ie, s w = {s b , s d } = {s ad , s ab }. However, for our discussions, this symmetry is not required in its full glory. Some elementary discussions about it can be found in [26] .
The generator for the above local, continuous, covariant and nilpotent (co-)BRST transformations can be computed from the Noether conserved current. These are listed as follows
From the above expressions, the conserved and nilpotent charges corresponding to the anti-BRST and anti-co-BRST transformations can be computed by the replacement C → ±iC,C → ±iC which turns out to be the discrete symmetry transformation for the ghost part of the Lagrangian density (3.1). For any generic field Φ = A µ , C,C of the theory, ‡ We follow here the notations and conventions of Weinberg [22] . Actually, in its full glory, the nilpotent (δ the (anti-)BRST and (anti-)co-BRST transformations of (3.2) and (3.3) can be succinctly expressed as
where the subscripts (+)− on the brackets correspond to (anti-)commutators for the generic field Φ being (fermionic)bosonic in nature and Q w is the generator for the above (ie Q w = {Q b , Q d } = {Q ad , Q ab }) bosonic symmetry transformation and Q g is the ghost conserved charge that corresponds to the infinitesimal scale symmetry transformations s g C = −λC, s gC = +λC, s g A µ = 0 under which the action remains invariant. Here the transformation parameter λ is global. Thus, in total, there are six continuous, (non-)local and (non-)covariant symmetries in the theory.
Wigner's little group and gauge transformations
The Wigner's little group corresponds to the maximal subgroups of the Lorentz group that leave the four momenta of the free relativistic particles invariant. The internal symmetry properties associated with the gauge particle are captured by the little group which turns out to be locally isomorphic to three dimensional rotation group and two-dimensional Euclidean group (see, e.g., [33] ). The most general form of the Wigner's little group matrix {W µ ν (θ, u, v)} for a massless (gauge) particle moving along the z-direction of the 4D spacetime manifold is [2] [3] [4] [5] [6] [7] 
(4.1) where θ is the rotational parameter and u, v are the translational parameters defining T (2) in the xy plane. By definition, this matrix preserves the four momentum k µ = (ω, 0, 0, ω)
T of a massless (k 2 = 0) (gauge) particle with energy ω and it can be factorized elegantly as
The matrix R(θ) in the above represents the rotation about the z-axis
and the matrix {W (0, u, v)} is found to be isomorphic to the two parameter translation group T (2) (i.e. T (2) ∼ W (0, u, v)) in the two-dimensional Euclidean plane (xy) which is a plane perpendicular to the propagation of the light-like (massless) particle along the z-direction of the 4D spacetime manifold. It is obvious from the Lagrangian density (3.1) that the equations of motion for the basic fields are: 2A µ = 2C = 2C = 0. These imply the masslessness (k 2 = 0) of the photon as well as the (anti-)ghost fields. The choice k µ = (ω, 0, 0, ω) T also implies the same (i.e. k 2 = 0). The transversality § k µ e µ = 0 of photon implies that the polarization vector e µ (k) of the photon can be chosen to be e µ (k) = (0, e 1 (k), e 2 (k), 0) T . The U(1) gauge transformation of (2.2) (generated by the first-class constraints of the theory) can be exploited to express itself in terms of the transformation on e µ (k) as (see, e.g., [10] )
It will be noted that, in general, one can choose e µ (k) = (e 0 , e 1 , e 2 , e 0 ) T (k) which will be consistent with the transversality condition (k µ e µ = 0). However, it can be seen, using the gauge transformation (2.2), that the component e 0 (k) can be gauged away (ie (e 0 ) (g) = 0) by the choice α(k) = −(e (0) /iω) in the gauge transformation
Thus, ultimately, we end up with e µ (k) = (0, e 1 , e 2 , 0) T (k). Now, concentrating on the role of the translation subgroup T (2) ∼ W (0, u, v) in generating the U(1) gauge transformation on e µ (k), it can be readily checked that
It is unequivocally clear that both the transformations in (4.4) and (4.6) are identical for the following relationship between the gauge parameter α(k) and the parameters u and v of the translation subgroup T (2) of the Wigner's little group
Now, let us focus on the dual-gauge transformations of (2.2). Following the prescription of [10] , these transformations in the momentum phase space can be expressed, in terms of the polarization vector components, as Concentrating on our choice of the momentum vector k µ = (ω, 0, 0, ω) T , the above transformations can be re-expressed as
(4.9)
Finally, the above transformation can be concisely written in the four vector notation as
It is obvious that both the transformations in (4.10) and (4.6) are identical for the following relationship between the dual-gauge parameter β(k) and the parameters u and v of the translation subgroup T (2) of the Wigner's little group
This establishes the fact that (dual-)gauge transformations owe their origin to the transformations generated by the translation subgroup T (2) of the Wigner's little group. In this analysis and treatment, the parameters of the (dual-)gauge transformations are chosen in terms of the parameters of the translation subgroup T (2) as given in (4.11) and (4.7).
Wigner's little group and BRST cohomology
Here we shall recall some of the key and pertinent points of discussion connected with the BRST cohomology by Weinberg [22] as far as the gauge transformations are concerned. To this end in mind, we first express the normal mode expansion for the basic fields (A µ , C,C) of the Lagrangian density (3.1) in the (momentum) phase space as
which corresponds to the equations of motion 2A µ = 2C = 2C = 0 obeyed by the basic fields of the theory. Here k µ are the 4D momenta and d 3 k = dk 1 dk 2 dk 3 is the volume in the momentum space. All the dagger operators are the creation operators and the non-dagger operators correspond to the annihilation operators for the basic quanta of the fields. The on-shell nilpotent version of the BRST symmetries (3.2) can be expressed, due to (3.5), in terms of the (anti-)commutators with Q b as (see, eg, [22, 16] )
Similar kinds of (anti-)commutation relations can be obtained with the anti-BRST generaexplicit components of a µ (k) as (see, e.g., [32] ) that the contributions coming from the longitudinal and scalar degrees of freedom of the photons, at any arbitrary order of the perturbation theory calculations, are cancelled by the presence of (anti-)ghost fields. Ultimately, the physicality criteria Q b |e, vac >= 0, Q d |e, vac >= 0, Q w |e, vac >= 0 on a single photon state implies the transversality and masslessness of the photon.
Conclusions
In the present investigation, we have been able to demonstrate a deep connection between the transformations on the polarization vector e µ (k) generated by (i) translation subgroup T (2) of the Wigner's little group (ii) the U(1) group of gauge symmetry, and (iii) the dual version of the gauge symmetry of (ii). It turns out that (dual-)gauge symmetries owe their origin to the Wigner's little group. The connection between the dual-gauge transformations and the Wigner's little group is a new observation which has also been found for the 2-form free Abelian gauge theory in 4D [21] . It is worthwhile to point out that the non-local and non-covariant dual gauge symmetries look quite trivial when we choose the momentum vector k µ = (ω, 0, 0, ω) T for a propagating massless photon with energy ω along the z-direction of the 4D Minkowskian flat manifold. In fact, the above non-locality and non-covariance vanish for this choice of the reference frame and all the (anti-)commutators between the co-BRST charge Q d and the creation and annihilation operators become very simple. As a consequence, the physicality criteria Q (d)b |phys >= 0 imposed on the physical harmonic state leads to the same physical inferences on the 4D photon. That is to say, the 4D photon is found to be massless (k 2 = 0) and transverse (k · e = 0) due to both the conserved and nilpotent (co-)BRST charges Q (d)b . It would be worthwhile to mention that this is not the case when one discusses the (co-)BRST physicality criteria for the one-form gauge theory in 2D [16, 17] and 2-form gauge theory in 4D [21] . Furthermore, this choice enables us to tackle the subtleties and intricacies associated with the Wigner's little group in a much nicer and better way. As far as the discussion on the BRST cohomology is concerned, we have been able to show that the (dual-)gauge (or (co-)BRST) transformed states are the sum of the original states and the (co-)BRST exact states. Thus, the physical states of the theory remain invariant under the (dual-)gauge (or (co-)BRST) transformations because the increment in the physical state due to the above transformations turns out to be cohomologically trivial state. It would be interesting endeavour to capture these 4D (dual-)gauge (or (co-)BRST) symmetries in the framework of superfield formulation where the geometrical origin for the nilpotent charges can be found out. In fact, for the 2D free Abelian and self-interacting non-Abelian gauge theories, such studies have already performed [34] [35] [36] [37] [38] [39] where the super de Rham cohomological operators (d,δ,∆) have been exploited in the (dual-)horizontality conditions. Moreover, the topological properties of these theories have also been encompassed in the framework of the superfield formalism developed on the four (2 + 2) dimensional manifold where the Lagrangian density and the symmetric energy momentum tensor of the theory have been shown to correspond to the translation of some composite superfields along the Grassmannian directions. Thus, superfield formulation of the (co-)BRST symmetries with (non-)local transformations, is a key direction that would be pursued in the future and our results on their geometrical origin and interpretation will be reported elsewhere [40] .
